be the orthonormal trigonometric sums on Di for weight p(6) cr(0) ; if the u's and v's are uniformly bounded on a point set D 2 contained in Di, the same is true of the U's and Vs.
For this case the proof admits a materially simpler formulation than when geometric configurations are contemplated having the degree of generality previously considered. The details relating to the loci C', C", K, K', K.", can be dispensed with for the most part; with 0 replacing the pair of coordinates (x, y) , and $ replacing the pair (u, v) , it is sufficient, for any particular value of 0, to consider separately the intervals (0-T/2, 0+T/2) and (0+TT/2, 0+3TT/2), and in the integral corresponding to the right-hand member of (5) to represent X n _i(0, </ >) in the former interval by an expression with denominator sin (0-</>), and in the latter interval by an alternative expression with 1-cos (0-</ >) in the denominator. 
APPROXIMATION OF CONTINUOUS FUNCTIONS BY MEANS OF LACUNARY POLYNOMIALS
BERNARD DIMSDALE 1. Introduction. All rational integral polynomials are linear combinations of members of the complete set of powers whose exponents are the non-negative integers. If certain members of this set are deleted, the linear combinations formed from the resulting set are, in the strict sense of the term, "lacunary polynomials." In a large part of this paper, however, methods of reasoning designed for the treatment of such polynomials are applicable to combinations from much more general sets of powers whose exponents are non-negative but not in general integral. The term "polynomial in x* of degree fi n " will be applied to combinations from the set 1, # M1 , # M2 , • • • where jui, jU2, * • • form an arbitrarily preassigned set of real numbers such that 0<fjLx<fjL2< • • • , and jU n is the largest exponent. This paper started out as an investigation of lacunary orthogonal polynomials, and although this aspect of it became subordinate to the Presented to the Society, September 7, 1939 under the title Degree of approximation by linear combinations of powers; received by the editors March 20,1941 , and, in revised form, October 29, 1941 problem of approximation, the relation of the latter to the theory of convergence of series of the orthogonal polynomials is pointed out at the end. American Mathematical Society Colloquium Publications, vol. 11, 1930, pp. 2-6. 2 See, for example, Titchmarsh, The Theory of Functions, p. 426. 3 The following shorter proof has been given | a™
The different value of the constant here would change subsequent computations slightly. Jackson, loc. cit., Hereafter this condition will be called a "Lipschitz condition H." It has been pointed out that this condition implies that f(x) satisfies a Lipschitz condition of order a, a -HUH^l, <x = l ifiJ^l. However, the converse is not true, since # = 0 belongs to the interval in question. Hence this condition is more restrictive than a Lipschitz condition of order a. On any closed interval not including 0 the two conditions are, however, equivalent. 
70-7/* rH -(h-1)H __r-h+1
with a similar situation for 70 ^7h> If, in particular yi -iH for some i, yo -iH, then L r , n (x) -0, and the inequality is still true.
3. Degree of approximation. This theorem will now be proved. placed by its maximum for the given range of k with m fixed, and then by its maximum for the given range of w, it follows that, since (8iï+l)/(4ff+l)£2, {6H+1)/(2H+1)£3, P k+l /P k S2/9, Q k+ i/Q k ^ 1/3; hence P fc^( 2/9)^" where L depends on H only. Now let n be an arbitrary integer, and let m -(w+4)/4, (w+3)/4, (?z + 2)/4, (^-j-i)/^ respectively, according as n has the form 4&, 4& -1, 4^ -2, 4fe -3. In any event 4ra-4^w<4ra, y n^n H.
Let the corresponding P 74w _ 4 0x0 be denoted by P 7n (x), a polynomial of degree y n . Since \/m ^4/n ^4iJ/y n it follows that on [O, 1 ] . The result may also be extended to [a, 6] , where a>0, by denning f(x) =/(a) on [O, a] . In this case the condition on f(x) may be replaced by one of the two simpler conditions. It follows from the first of these two inequalities that a P Mn (^) exists such that \<t>(x)-P Mn (x)| ^iftojy(l//x n ) on [0, l] , and the theorem follows. This theorem may also be extended to [a, 6] In the following the results of the previous section are combined with certain results from the theory of orthogonal polynomials to give theorems on convergence for the above series expansion.
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9 It will be necessary at this point to suppose that the jix's are integers, since Bernstein's theorem is implicitly involved in the following. It is to be observed that this restriction admits sequences so irregular that the results obtained are by no means trivial, and further that the admission of any set of commensurable exponents would not be a material generalization.
In the following statement of those results from orthogonal polynomial theory 10 which are applied to the present problem of convergence, all polynomials are polynomials in #", of degree given by their subscript, and the use of e n implies that there exists a polynomial Pp n (x) sucn tnat on \ a * ^]» |/6*0 ""-^Mn0*01 = € n-If QM»0*0 ' ls a polynomial minimizing 
